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Bayesian System Identification. Why?

A
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Introduction to Bayesian Modelling and Inference

Uses probability to quantify uncertainty.
Related to information rather than repeated trials.

Uncertainty is subjective, it depends on what we have seen.
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Subjective Uncertainty
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Subjective Uncertainty

Stanford’s self-driving car for the DARPA Urban Challenge (2007).
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Bayesian Inference of Power and Drag

@m

Infer power and drag based on noisy acceleration measurements using a
simple inertial and aerodynamic model

1 pV2S
= p_'t
a mV; 2m Ca
e.g. with Gaussian noise
Yr = N(at’ 02)

D:{y17~-~aYN7V1a'~-7VN}
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Bayesian Inference of Power and Drag

@“mb

Infer power and drag based on noisy acceleration measurements using a
simple inertial and aerodynamic model

GOAL: find probability distribution of unknown parameters given

e (©10) p(0)
p p
p(6 | D) = A2 PY)
C1P) =)
p(0 | D) o< p(D | 0) p(0)
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Bayesian Inference of Power and Drag

@m

Infer power and drag based on noisy acceleration measurements using a
simple inertial and aerodynamic model
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Bayesian Inference of Power and Drag

@m

Infer power and drag based on noisy acceleration measurements using a
simple inertial and aerodynamic model

1.1 T T
A Tre
10511 A min error?
1 ~— Likelihood
— Prior
0.95
S 09 p(e)
0.85
0.8
0.75
0.7
620 640 660 680 700 720 740 760

Power [HP]

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013 6 / 40



Bayesian Inference of Power and Drag

@m

Infer power and drag based on noisy acceleration measurements using a
simple inertial and aerodynamic model
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Bayesian Inference

One could say that we have used the prior as a regulariser to solve

0* = argmin L(0,D) + J(0)
0

But, we were simply looking for the posterior: p(6 | D).
No optimisation!

The posterior represents our uncertainty and tells us how to average
different models.
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Bayesian Inference

What is the outcome of Bayesian inference?
Thomas' indoor localisation example.
Posterior over parameters — posterior over identified systems.

In fact, we can find posteriors over many different kinds of objects:
functions, genetic trees, English language sentences, etc.
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Bayesian Inference: Making Predictions

The posterior represents our uncertainty over the parameters.

Any prediction can be found by averaging over the posterior
p(LapTime | D) = /p(LapTime, 0| D) do

_ / p(LapTime | 0) p(6 | D) do.
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Making Decisions Under Uncertainty

Bayesian inference provides probability distributions.
But, often, we can only take one action.

One solution: take the action that minimises the expected loss (aka risk)
under the uncertainty provided by Bayesian inference.

aopt = arg min /Loss(a,@) p(6 | D) do
a
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Making Decisions Under Uncertainty

p(LapTime | data, tyreType)
0.8 T T

Soft Tyre
Hard Tyre ||
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Expected loss for hard tyre: £3.65 - 10°
Expected loss for soft tyre: £—0.98 - 10°
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Over-fitting and Counting Parameters

Bayesian methods do not overfit because there is no fitting!
Inference is based on integration, i.e. averaging.
There is no statistical price to pay for adding more parameters.

Nonidentifiability is not a problem when making predictions.
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From Formula 1 to Functions

y = f(x)

Task: Model f in a Bayesian manner
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From Formula 1 to Functions

y = f(x)

Task: Model f in a Bayesian manner
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From Formula 1 to Functions
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From Formula 1 to Functions

y = f(x)

Task: Model f in a Bayesian manner
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From Formula 1 to Functions

y = f(x) (1)
Task: Model f in a Bayesian manner
3 -
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Nonlinear Models

Parametric nonlinear models,
e Polynomial, f(x) = Z,{V:o w; x'
e Radial Basis Function, f(x) = Zf\lzl w; ¢(x — ¢i)

e Fourier, f(x) = ZlNzl aj sin(w; x — ¢;)

Problems,

Either have to fix N or put a prior on it

Can have a very large number of parameters to estimate

@ Inference can be difficult

Unclear how to choose priors
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Nonparametric Models

Allow you to do inference on function values directly
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Nonparametric Models

Allow you to do inference on function values directly

Parameterised directly by the training data
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Nonparametric Models

Allow you to do inference on function values directly
Parameterised directly by the training data
@ Very flexible class of models with limited prior assumptions
@ Infinite number of features/basis functions

o Finite, often very small, number of parameters left to deal with

@ Intuitive, high level priors: smoothness, periodicity

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013

15 / 40



Gaussian Processes

Prior distribution over f(x) is Gaussian

f ~ GP(m, k) (2)
= P(f(x)) = N(m(x), k(x))
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Gaussian Processes

Prior distribution over f(x) is Gaussian

f ~ GP(m, k) (2)
= P(f(x)) = N(m(x), k(x))
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Gaussian Processes

Prior distribution over f(x) is Gaussian

f ~ GP(m, k) (2)
= P(f(x)) = N(m(x), k(x))

(0]
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Gaussian Processes

Prior distribution over f(x) is Gaussian

f ~ GP(m, k) (2)
= P(f(x)) = N(m(x), k(x))
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Gaussian Processes
Prior distribution over f(x) is Gaussian
f ~ GP(m, k) @
= P(f(x), F(x) :Nq m(x) } 7 [ ka,) K 0) D

m(Xz) (XQ,Xl) k(x27X2)

X
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Gaussian Processes
Prior distribution over f(x) is Gaussian
f ~ GP(m, k) (2)
= P(f(x1), f(x0)) =N([ m(x) } H(Xl’xl) K(xt, x2) D

m(x2) (x2,x1)  k(x2, x2)

X
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Gaussian Processes
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Gaussian Processes

[ : ] b N([ nT((Z)) } [ :((2,2)) :&’,i)) D (3)

output, f
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input, x

Prior, P(f,f*)
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Gaussian Processes

([ e ) e
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Gaussian Processes

(o e @) e

output, f
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Gaussian Processes
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Gaussian Processes

@ But my system doesn’t have Gaussian noise...

@ ...and my system isn't smooth
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Gaussian Processes

@ But my system doesn’t have Gaussian noise...

@ ...and my system isn't smooth

25—
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GP-NARX Models
Use a GP to model the mapping,

Ye = f()’t—l»-

Roger & Andrew (Cambridge MLG)
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GP-NARX Models

Use a GP to model the mapping,

Ve = f(Ye—1,-- - Ye—k) + € (5)

f ~ GP(m, k) (6)
If € is Gaussian,

p(f* |x*, X, y) = N(u, ¥) (7)

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013 20 / 40



GP-NARX Models

Use a GP to model the mapping,

Vi = f(Ye—1,-- -5 Ye—k) + € (5)
f ~ GP(m, k) (6)
If € is Gaussian,
p(f* |x*, X, y) = N(u, ¥) (7)
po= k(< X) [K(X, X) + 021y (8)

T = k(x*, xT) — k(x*, X) [K(X, X) + o21] 7 k(X, x*)  (9)
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GP-NARX Models

Use a GP to model the mapping,

Ve = f(Ye—1,-- Ye—k) + € (10)
f ~ GP(m, k) (1)

Problem: noise in the inputs, “errors in the variables”

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013 21 / 40



GP-NARX Models

Use a GP to model the mapping,

e = f(Ye—1,--- Ye—k) + € (10)

Problem: noise in the inputs, “errors in the variables”

e Noisy Input GP, [McHutchon & Rasmussen, NIPS 2011]
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GP-NARX Models

Use a GP to model the mapping,

e = f(Ye—1,--- Ye—k) + € (10)

Problem: noise in the inputs, “errors in the variables”
e Noisy Input GP, [McHutchon & Rasmussen, NIPS 2011]
o GP-FNARX, [Frigola & Rasmussen, CDC 2013]
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GP Latent Variable Models
—( () )
g

¢

GP-LVM [Lawrence, NIPS 2004], no latent state dynamics
@ GP Dynamical Model, [Wang et al., NIPS 2005 & PAMI 2008]
@ Variational GP Dynamical System, [Damianou et al., NIPS 2011]
o BayesFilter [Ko & Fox, 2009 & 2011]
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GP Latent Variable Models
=)
g

xt = f(xe—1) + € (12)
yi = glxt) + v (13)

o f ~ GP(m, k)
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Analytic Approach

Xt = f(Xt_]_) + €
yt g(xt) + v

o f ~ GP(m, k)
o g = Corg ~ GP(mg, kg)
e ~ N(0,X)and v ~ N(0,%,)
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Analytic Approach

Xt = f(xe—1) + € (12)
i = glxt) + v (13)

o f ~ GP(m, k)
o g = Corg ~ GP(mg, kg)
e ~ N(0,X)and v ~ N(0,%,)

o Introduce a pseudo-training set {%, f}

9 = {)‘?7 F? 6!777 9/(7 C7 267 zl/} (14)
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Analytic Approach

Xt = f(xe—1) + € (12)
i = glxt) + v (13)

o f ~ GP(m, k)
o g = Corg ~ GP(mg, kg)
e ~ N(0,X)and v ~ N(0,%,)

e Introduce a pseudo-training set {%, f}

9 = {)‘?7 F? 6!717 9/(7 C7 267 zl/} (14)

@ Treat f in a Bayesian way, and # in a maximum likelihood manner
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Marginal Likelihood

Probability of the data under the model averaging over our belief about
the latent variables and the function f

Plyi,....y1 10) = P(y1|0)P(y2 | y1,0)P(y3 | yo,y1,0)...  (15)
T

= P(.yl‘H)Hp(yt‘yt—17-~'7yl79) (16)
=2
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Marginal Likelihood
Oan®

yt |yt 1y--+5 Y1, ) =

// (xt—1 ]yt 1yooooyn) PO | xe1) Plye | x) dxedxe—1 (17)
N . ,

~~

filtered state at t-1 transition observation
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Direct Optimisation

@ Project filtered state distribution to a Gaussian
o Method 1:

/P()/t \ Xt) /P(Xt—l ’)/t—h cee ,)/1) P(Xt ’ Xt—l) dx¢_1 dx;
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Direct Optimisation
@ Project filtered state distribution to a Gaussian

@ Method 1:
/'D()/t ‘ Xt) /P(th ’)/t—lw-w)/l) 'D(Xt | Xt—l) dx¢—1 dx;

Plxe—1 | ye-1.-- -, n
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Direct Optimisation

@ Project filtered state distribution to a Gaussian

@ Method 1: Project P(x¢ | yt—1,...,y1) to a Gaussian

/ P(ye | x) / POt | Yeots- o y1) Plxe | xe1) dxer de

@ Method 2:

/P(th ‘)/t—lw--aﬂ) /P(Xt ‘ Xt—l) P()/t | Xt) dx¢ dxe—1
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Direct Optimisation

@ Project filtered state distribution to a Gaussian

e Method 1: Project P(x¢ | yt—1,...,y1) to a Gaussian

/ Pl | xo) / POt | Vet sy1) Plxe | xeo1) dxes dx

@ Method 2: Simple sampling

/P(th ‘ Yt—lw--:}/l) /'D(Xt ‘ Xt—l) P()/t | Xt) dxt dxt—1
@ Similar steps to compute filter distribution at time ¢, P(x; | ¢, ..., y1)

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013 27 / 40



Direct Optimisation

fort = 1T
compute
P(xt | yey---yy1,0)
log P(yt | yt-1,---,¥1,0)
derivatives w.r.t. 0
end
log P(y1, ...

optimise w.r.t. 6

Roger & Andrew (Cambridge MLG)
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Example: 1D System

Er

Real Transition
Function
& Ohbserved Data

5

e o 5 GP-NARX

Direct Optimisation

m
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Example: Cart and Pole System

u

@ 4 state variables
@ 1 control - driven by white noise

o find distribution over future trajectory given feed-forward controls
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Example: Cart and Pole System

Cart Position {m)

Roger & Andrew (Cambridge MLG)

Cart Position {m)

Pendulum Angular Yelocity {radis)

Pendulum Angle [rad)

Cart Velocity {mis)

=

20

= o

[

o

Pendulum Angular Velocity (rads)
- o

)

Pendulum Angle {rac)

5

10 15
Time step

1
Time step

Bayesian Nonparametric Nonlinear Sys.Id.

5

n
Time step

15

Time step

25th September 2013

31/ 40



System ldentification with GP-SSMs
using particle Markov Chain Monte Carlo (PMCMC) !

Nonlinear state-space model:

Xtp1 = f(xt) + Ve,

y: = g(xt) +e:.

Generative model for Gaussian process state-space models
(GP-SSMs):

f(Xt) ~ gP(mGX(Xt)a kex(xt7xlt))7
Xt4+1 | f: ~ N(Xt+1 | ft,Q)a
Yt | Xt ~ p(ye | Xtaey)-

joint work with Fredrik Lindsten, Thomas B. Schon and Carl-Rasmussen; NIPS 2013
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Graphical models

Gaussian process regression, y = f(x) + ¢ GP-SSM
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Computing the smoothing distribution is system
identification!

This is a very particular property of this model!!!

Challenge: find a good representation of

p(xo:1 | 6,y0:7).
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Sampling the states given the data (smoothing)

Posterior is proportional to likelihood times prior

p(xo:7 | yo.7,0) < p(Yo.T | X0:7,6) p(x0:.7 | 0).
We use Particle Gibbs with Ancestor Sampling (PG-AS).

(cf. Thomas Schon’s tutorial)
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Marginalising the latent function

To do inference we need the joint distribution over latent variables

p(xo:7:fo.7 | 0)
But xg.7 and fy.7 are tightly coupled. We can marginalise the latent
function analytically

T

;
px17 1 0,x0) = [ p(xe [ 0, x0:e-1) = [TV (xe | pre(x0:e-1), Te(x0:e-1)).
t=1

t=1

where p; and X; have analogous expressions to those in GP
regression.
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What about the hyper-parameters?

We have shown how PMCMC can give us samples from
p(xo:7 | ,y0.7)-
We can alternate this with sampling from

p(0 | xo:TYo:T)
using slice sampling.

This is a (blocked) Gibbs sampler which ultimately targets

p(xo:7,0 | yo:7)-
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Experiments: 1-dim Benchmark System

Xt4+1 = aX¢ +b—s + CUt + Vg, Vi ~ N(O, Q),
t

1+X
Vi = dxtz-l—et, er ~ N(0,r).

Samples

Ground truth w
+(max(y ,0)/d)

State

0 10 20 30 40

Time
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Experiments: 4-dim Cart and Pole System

One step ahead predictions with error bars

16 10 2
2
14 5 1
T2 T o 6 o 0o
-5 -1
10 -
8 -10 -2
300 350 300 350 300 350 300 350

Roger & Andrew (Cambridge MLG) Bayesian Nonparametric Nonlinear Sys.Id. 25th September 2013 39 / 40



Take-home Messages

Bayesian inference:

@ Quantifies uncertainty.

@ Uses this uncertainty to make predictions/decisions.
Bayesian nonparametrics:

@ Highly flexible - doesn't exclude complex explanations a priori.
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